NUMERICAL ANALYSIS USING SCILAB:
SOLVING NONLINEAR EQUATIONS

In this tutorial we provide a collection of numerical methods for solving nonlinear
equations using Scilab.
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The purpose of this Scilab tutorial is to provide a collection of numerical
methods for finding the zeros of scalar nonlinear functions. The methods
that we present are:

e Bisection;

e Secant;

¢ Newton-Raphson;

e Fixed point iteration method.

These classical methods are typical topics of a numerical analysis course
at university level.

An introduction to

solving nonlinear equations

This tutorial is composed of two main parts: the first one (Steps 3-10)
contains an introduction about the problem of solving nonlinear equations,
presents some solution strategies and introduces properties and issues of
such problems and solutions. The second part (Steps 11-23) is dedicated
to the specific methods, equipped with many Scilab examples.
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Conditioning and convergence
Bisection method

Secant method

Newton method

Fixed point iteration method
Conclusions and remarks
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Many problems that arise in different areas of engineering lead to the "
solution of scalar nonlinear equations of the form

f@ =0

i.e. to find a zero of a nonlinear function.

Nonlinear equations can have none, one, two, or an infinite number of
solutions. Some examples are presented on the right. -

A special class of nonlinear equations is constituted by polynomials o]
of the form

f)=ax"+a,_ x" 1+ +a;x+a,=0.

The code of the examples is available in the file
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Many solution methods exist and the correct choice depends on the type
of function f. For example, different methods are used whether f is a
polynomial or it is a continuous function whose derivatives are not
available.

Moreover, the problem can be stated in equivalent formulations. For
example, the original formulation f(x) = 0 can be converted into a fixed
point formulation of the form x = g(x) or into a minimization problem of
the form min,. f2(x).

It is important to note that even if these formulations are mathematically
equivalent (their zeros are the same ones), the numerical methods used
to approximate the solution do not have all the same behavior.

Hence, the numerical solution strategy should take into account the kind
of problem we try to solve.

Original problem:
fx)=x2—a=0

Examples of fixed point formulation:

=
Il
|

or
1 a
x=3 (x + ;)
Example of minimization formulation:

min(x? — a)?
X

Nonlinear equations

page 4/25



The first step of many numerical methods for solving nonlinear equations
is to identify a starting point or an interval where to search a single zero:
this is called “separation of zeros”. If no other information is available, this
can be done by evaluating the function f at several values x; and plotting
the results f(x;).

Solving the problem f(x) = 0 is equivalent to find the solutions of the
following system

{y =f()
y=0

i.e., graphically, to determine, in a Cartesian plane, the intersections of the
graph of the function y = f(x) with the x-axis.

In the case of fixed point formulation x = g(x) its graphical formulation is
related to the system
{y =g(x)
y=x
i.e. the solutions are given by the intersections of the function y = f(x)
with the bisector y = x.

The code of the example is available in the file
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Step 6: Example of a bracketing strategy

Bracketing is an automatic strategy for finding intervals containing a zero
of a given function f. An example of bracketing is given in the following
lines of code; the idea is to identify the points in which the function

changes sign:

function xsol=fintsearch (£, xmin, =xmax,
// Generate x vector
X = linspace (xmin, xmax, neval)';

// Evaluate function
y = £(x);

// Check for zeros
indz = find(abs (y)<=1000*%eps) ;
y(indz) = 0;

// Compute signs

s = sign(y);

// Find where f changes sign

inds = find(diff(s)~=0);

// Compute intervals

xsol = [x(inds),x(inds+1)];
endfunction

neval)

The code is also available in the file fintsearch.sci, while the example

can be found in fintsearch test.sce.

(Separation of zeros for the function f(x) = sin(x))
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Well-conditioned

4e-01

The conditioning of a zero-finding problem is a measure of how it is 2e014
sensitive to perturbations of the equation. — .
Here we denote by a a zero of the function f(x), i.e. f(a) = 0. 2201
-4e-01 T T T T T T T T T
) 0z 04 0.6 [ =] 1 12 1.4 1.6 1.8 2
From the first figure on the right we can intuitively see that if the derivative
If'(a)| is “large” the problem is well-conditioned. In this case we can a0t reondtene

clearly identify the zero of f, even if there are rounding errors. Conversely,

if the derivative is “small”, the zero-finding problem is said to be ill- ]
conditioned and there is no clear identification of the zero. In this case, if > De00 4
rounding errors are present, the zero is spread up over a “large” interval of 2e0t ]
uncertainty.

2e-014

-4e-01 T T T T T T T T T

] 0.2 04 0.6 o8 1 1.2 1.4 1.6 1.8 2

In summary, we can state the following:

e The conditioning number of the root finding problem is 1/|f'(a)|;

e The problem is ill-conditioned if 1/|f'()| is large, i.e. |f'(a)| is

small.

In the graphic on the right down we can see that the zero x* =1 of
p(x) =x7 —x%+x°> —x*+x3 —x2 + x — 1 can not be identified because
of ill-conditioning. M

The code of the example is available in the file
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Estimating the conditioning of the problem of finding a (single) zero « of a Ol TPl

(continuously differentiable) function f(x) means to provide an estimate of Find a such that f(a) = 0i..e. « = £~1(0)
the relative error of a perturbed solution.

Pert lem:
Finding the zero a of a function f(x), i.e. f(a) =0, is equivalent (for erturbed problem

continuously differentiable functions) to solving the inverse problem Find @ such that f(&) =di..e. @ = f~(d)

a= f71(0).

If we consider a perturbed solution &, i.e. f(&) =d or, equivalently, Inverse function:

@ = f~1(d), making an error d on its evaluation, we have the following &

error: 3
. S

ba = —a=f(d)—f(0) N //

Using the following Taylor expansion Y 4

a
/ e
fHd) = F710) + (f71(0)) - (d = 0) + - ] e

and the elation obtained on the right p 7

1
1 r_ 1 rd
(F~2(0) = // %

the error can be written as P2 -1// ooz a8

14
' / d s
Aa = f71(0) + (f71(0)) -d— f71(0) = (f71(0)) -d == -
71O + (1) 1) = () @) p 2

. Example of inverse function
Hence, the relative error can be stated as ( P )

|%| 3 |L| . |9| The function and its inverse are related from the relation
“ el e FU) = F(F10) = x
and the derivative of the inverse function satisfies the relation
The code of the example on the right is available in the file FO) ) =1 Qe (F0)) =— (where y = f(x))

f1(x)
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Typically, methods for approximating nonlinear equations are based on
iterative strategies, i.e. starting from an initial guess solution x,, and
computing a sequence of solutions {x;} that converge to the desired
solution x* (where f(x*) = 0), i.e.

Xog DXy DXy 2o x; > > X"

We define the rate of convergence p of the sequence as

lim |xn+1 —-x" | s |en+1 | _

= =C
now |x, —x* [P noo |€,]P

for some constant ¢ >0 and p = 1. C is called the asymptotic error
constant while ¢, is the error at the nt" iteration.

If p= 1 and C <1 the convergence is called . We require € < 1 to
ensure the convergence of the method indeed the error must be reduced
at each iteration as explained by this relation:

l€nsr | S Cley | < C-(Clep1 ) = C?lep_y | < - < C™ e |
Here we compare the n+1-th step error with the initial error.

If 1 < p < 2 the convergence is called

If p = 2 the convergence is called

The following figure shows a typical convergence rate profile where we can
identify three different regions:

e an exploration region: in this region there is an exploration of the
solution space trying to find an initial guess solution (starting point)
where convergence properties are guaranteed, and, moreover, there
is no significant reduction of the error;

e aconvergence region: the basin of attraction of the solution;

e a stagnation region: this last region is due to round-off errors of the
floating point system that are unavoidable.

This figure stresses the fact that the definition of the convergence rate is
valid only “in the convergence region”, hence it is a local definition.

— Exploration region

Convergence region

Machine unit roundoff
stagnation region

1ation

(Typical behavior of a convergence rate profile)
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Let us suppose we are looking for the zero x* = 1.

Linear rate:
Consider the following error model:

1
€o=1and €, = To€En T eps

In this case we get the following errors:

€ =1 zero significant figures
€, =01 one significant figures
€, =0.01 two significant figures
€; = 0.001 three significant figures

With a linear rate of convergence, the number of significant figures the
method gains is constant at each step (a multiple of the iteration number).

Quadratic rate:
Consider the following error model:

1
€o=1land e, q = EE% + eps

In this case we get the following errors:

€ =1 zero significant figures

one significant figures (one
figure gained)

three significant figures (two

€1 = 0.1

A comparison of the typical rate of convergence (when rounding errors are
present) is shown in the following figure:

Linear: ©=1/10, p=1
Supeilinear. G=1/10, p=1.618
Quadratic: C=1/10. p=2

Eror

Iteration

The number of figures gained per iteration can be summarized in the
following table:

€, = 0.001

figures gained)

€3 = 0.0000001

seven significant figures
(four figures gained)

With a quadratic rate of convergence, the number of significant figures the

method gains at each iteration is twice the previous iteration.

Convergence rate Figures gained per iteration
Linear Constant

Superlinear Increasing

Quadratic Double

The code of the example is available in the file
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Example of convergence criteria:

When we approximate a solution with an iterative method it is necessary
to choose how to properly stop the algorithm and hence provide the
solution. As each evaluation of the function can be computationally
expensive, it is important to avoid unnecessary evaluations (for instance, e Relative error between two iterates on x:
avoiding evaluations in the stagnation region). ) = xp—1] < 65 -4

e Absolute error between two iterates on x:
[xp — Xpe—1| < 8y

e Absolute residual on f:
If Ca)l < 6
The convergence criteria reported on the right refer to the following
problem: e Relative residual on f:

If Cadl < 85 - f(xo)

¢ Find a solution x* such that f(x*) = 0 starting from an initial guess
(%0, f (%)), With xy iIn A=b —a.

. . . Example of implementation of a stopping criterion:
The design criteria are based on the absolute or relative error for the

variable x or for the value of the function f. The difference between a
criterion based on x or f depends on the conditioning of the nonlinear
problem, while a choice based on the absolute or relative error depends X = Xnew;

. . . fx = fxnew;
on the scaling of the nonlinear equations. end

if ( (fxnew) /fref < ftol) | ( (dx) /xref < xtol)

In our example, we consider the relative errors for f and x they are

_ _ _ _ e The code checks the convergence both on x and f. If we are dealing with an
adimensional, i.e. they allow to avoid multiplicative constants.

ill-conditioned problem it is likely that x will not converge, so the check on f
will stop the iterative method.
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Supposing we are looking for a zero of a continuous function, this method
starts from an interval [a,b] containing the solution and then evaluates the
function at the midpoint m=(a+b)/2. Then, according to the sign of the
function, it moves to the subinterval [a,m] or [m,b] containing the solution
and it repeats the procedure until convergence.

The main pseudo-code of the algorithm is the following:

Algorithm pseudo-code
while ((b - a) > tol) do
m= (a + b)/2

if sign(f(a)) = sign(f(m)) then
a =m

else
b =m

end

endl

The figure on the right refers to the first 4 iterations of the bisection
method applied to the function f(x) =x*—4 in the interval [1,2]. The
method starts from the initial interval [a,b]=[1,2] and evaluates the function
at the midpoint m=1.5. Since the sign of the function in m=1.5 is equal to
the sign of the function in b=2, the method moves to the interval
[a,m]=[1,1.5], which contains the zero. At the second step, it starts from
the interval [a,b]=[1,1.5], it evaluates the function at the midpoint m=1.25
and it moves to the interval [1.25, 1.5]. And so on.

The function is available in the file
be found in

, while the example can

lteration: # 1

lteration: & 2

lteration: # 3

lteration: & 4

1 1.2 1.4 1.8 1.8 2 22 24 28

Nonlinear equations

page 12/25



At each iteration of the method the searching interval is halved (and
contains the zero), i.e.

b_l_a_l b_z_a_z 1
(b, — a,) = — _ n-1_"n _ n =...=2_n(b0_a0)
Hence, the absolute error at the nth iteration is
(bn - an) 1

lenl = Iy —%'| < = o7 (b0 — )

2

and the converge |e,| — 0 is guaranteed for n - co.

Observe that at each iteration the interval is halved, i.e. (b, —a,) =
Cratn-1) put this relation does not guarantee that |e,.| < |e,| (i.e.
monotone convergence to x*) as explained in the figure below.

an = Apyy Xn+1

\
[

€n+1 €n

However, we define the rate of the convergence for this method linear.

The figure on the right shows the relative error related to the iterations
(reported in the table below) of the method applied to the function
f(x) = x* — 4 in the interval [1,2] where the analytic solution is V2. As
expected, the method gains 1 significant figure every 3/4 iterations.

Relative error

0 10 15 20 25 30 a5 40 45

iter xm £ (xm)
1 1.500000000000000e+000 1.062500000000000e+000
2 1.250000000000000e+000 —-1.5558593750000000e+000
3 1.375000000000000e+000 -4,255371093750000e-001
4 1.437500000000000e+000 Z2.7003479003 9062 5e-001
5 1.406250000000000e+000 -5.9339256258662109=-002
[ 1.421875000000000e+000 §.7386190589126557e-002
7 1.414062500000000e+000 -1.70588015835775375e-003
=] 1.417965750000000e+000 4.2654615125412549e-002
=] 1.416015625000000e+000 Z2.04270135291153 6e-002
i0 1.415039062500000e+000 9.347645359545473e-003
11 1.414550751250000e+000 3.5165608559447374e-003
1z 1.414306640625000e+000 1.053164176941124e-003
13 1.414154570312500e+000 —-3.279976360204273e-004
14 1.414245605465750e+000 3.625355649508517e-004
15 1.414215087590625e+000 1.725928857077008e—-005
18 1.414199529101565e+000 -1.553719676358373 6e-004
17 1.414207455496094e+000 —-6.905703801995955e-005
18 1.414211273193359e+000 -2.589904934735543e-005
h=] 1.414213150541992e+000 —-4.319924044z2 60404e-006
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Supposing we are looking for a zero of a continuous function, this method
starts from two approximations (x,, f(x,)) and (x;, f(x;)) of the unknown
zero (x%, f(x*) = 0) and computes the new approximation x, as the zero
of the straight line passing through the two given points. Hence, x, can be
obtained solving the following system:

y—f(x)  x—x

f ) — f(x) _x1_x0
y=0

giving
(x, =) x = x _f(x1)(x1 — Xo)
: ENICORIICD
Once the new approximation is computed, we repeat the same procedure
with the new initial points (x, f (x1)) and (x,, f (x,)).

The iterative formula is

_ fOa) (e —xk—1)

Xh+1 = Xk FO)—f (—1)

The figures on the right refer to the first four iterations of the method for
the function f(x) = x* — 4 with initial guess values x, = 2.4 and x; = 2.

The function is available in the file
found in

, While the example can be

lteration: #

1

40_
304
201 l
I
10 |
[ e —— | T T !
L = L% L B
lteration: # 2
40_
301
20
10
D T T — T T
LB = T T B
Iteration: # 3
40_

3041

204

10

lteration: #

Elg

304

20

10
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The main pseudo-code of the algorithm is the following:

Algorithm
xkml = x0; fkml = £ (x0) // Step: k-1
xk = x1; fk = f(x1) // Step: k
xkpl = xk // Initialization
iter = 1 // Current iteration
while iter <= itermax do

iter = iter+l1

xkpl = xk-(fk* (xk-xkml))/ (fk-fkml)

if abs (xkpl-xk)<tol break // Converg. test
xkml = xk; fkml = fk

xk = xkpl; fk = f(xkpl)

end

The algorithm iterates until convergence or until the maximum number of
iterations is reached. At each iteration only one function evaluation is
required. The “break” statement terminates the execution of the while
loop.

For the secant method it is possible to prove the following result: if the
function f is continuous with continuous derivatives until order 2 near the
zero, the zero is simple (has multiplicity 1) and the initial guesses x, and
x, are picked in a neighborhood of the zero, then the method converges

and the convergence rate is equal to p = 1+2‘/§ (superlinear).

The figure on the right shows the relative error related to the iterations
(reported in the table below) of the method applied to the function
f(x) = x* — 4 in the interval [1,2], where the analytic solution is V2.

Relative error

1 1.7205663182326975e+000
2 1.536615808653681e+000
3 1.445737714328982e+000
4 1.417960311448227e+000
5 1.41433627476007ae+000
3 1.4142140459251591e+000
7 1.414213562436418e+000
g 1.414213562373095e+000

LTEIERZR91752302e4+000
575209448553 5384000
. 68375853630514672-001
L2558382131055800e-002
.388512885929671e-003
L5047114271258939e-006
1642070054167 56e-010
.881754157001252e-016
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Iteration: & 1

40
30

Supposing we are looking for a zero of a continuous function with 20 - |

continuous derivatives, this method starts from an approximation x, of the 10 :

unknown zero x* and computes the new approximation x; as the zero of I — |

t = ti t r =+ sl

the straight line passing through the initial point and tangent to the
function. Hence, x; can be obtained solving the following system:

{y _f(xo) =m(x — xO) with m = f,(XO) zz; /
y=0
o T S

giVing T = T T r = e

f(xo) lteration: # 3
(x1 =) x =xg

f'(x0) 407

30

Once the new approximation is computed, we repeat the same procedure 7

with the new initial point x,. The iterative formula is then %7
o

I ——— T T T T T

lteration: # 2

X
Xg+1 = Xg — jfl((x’;)) lteration: # 4

40_
The figures on the right refer to the first four iterations of the method for 307
the function f(x) = x* — 4 with initial guess value x, = 2.4. 207

10

o

I ———y T T T T T

The function is available in the file , While all the examples
related to this method can be found in
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The main pseudo-code of the algorithm is the following:

Algorithm
xk = x0;
iter =1 // Current iteration
while iter <= itermax do
iter = iter+l

xkpl = xk-f(xk)/f’ (xk)
if abs(xkpl-xk)<tol break // Converg. test
xk = xkpl;

endl

The algorithm iterates until convergence or the maximum number of
iterations is reached. At each iterations a function evaluation with its
derivative is required. The “break” statement terminates the execution of
the while loop.

For the newton method it is possible to prove the following results: if the
function f is continuous with continuous derivatives until order 2 near the
zero, the zero is simple (has multiplicity 1) and the initial guess x, is
picked in a neighborhood of the zero, then the method converges and the

Relative error

convergence rate is equal to p = 2 (quadratic). irer * ix)

1 1.8723379620962063 5.28595780491237268

. . . . . 2 1.556605160415167 1.871024105224409

The figure on the right shows the relative error related to the iterations 3 1 4325573 68746513 0 211962253536407

(reported in the table below) of the method applied to the function 4 1.414564032544065 0.003966591547560

f(x) = x* — 4 in the interval [1,2], where the analytic solution is V2. As > 1 A182136525959455 0.D000D1473343727

i . . i . [ 1.414213562373113 0.000000000000203

expected, the number significant figures doubles at each iteration. o
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A zero x* is said to be multiple with multiplicity r if

fGx) =f'(x") = =f"1x") =0, and f(x") # 0.

In the Newton method, if the zero is multiple, the convergence rate
decreases from quadratic to linear. As an example, consider the function
f(x) = x? with zero x* = 0. Then the Newton method can be stated as

Xp X
Xpy1 =X —5— = —=
k+1 k 22, 2
giving the error
€k

Eg41 = Xg-1 — 0 =

which is clearly linear.

On the right we report an example of loss of quadratic convergence
applied to the function

fx)=x—-1)logx
which has a zero of multiplicity 2 in x* = 1.

The relative error shows a linear behavior, indeed the method gains a
constant number of significant figures every 3 or 4 iterations.

fla

)= (z—1)log(x)

0.1

0.05

o T T T T T T
04 05 06 07 08 08 1

T T T T T T T T T
11 12 13 14 15 18 17 18 18 2

Relative error

T L T T T T T 1
- @ 10 11 12 12 14 15 18 17 18
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If the function of which we are looking for the zeros and its derivatives until
order 2 are continuous, it is possible to ensure the global convergence of
the Newton method by choosing a proper initial guess point.

As reported in the table on the right, under the above mentioned
hypothesis it is possible to identify a neighborhood U of the zero such
that, for each initial guess x, in U, the sequence {x,}is monotonically
decreasing (or increasing) to the zero.

For instance, if the function is convex and increasing (second row and
second column case in the table), the Newton method with an initial guess
picked on the right of the zero converges monotonically decreasing to the
unknown zero.

The Newton method with the above choosing criterion also ensures that
all {x,} are well defined, i.e. the method does not generate any point in
which the function is not defined (an example in which the monotonicity of
the convergence is important is the logarithm function, which is not
defined for negative values).

Function f'(x)<0 f'x)>0
properties (decrease) (increase)
f"(x) <0
(concave) N

(Right domain) (Left domain)
f”(x) >0 \

(convex)

(Left domain) (Right domain)
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Step 19: Fixed point iteration method

The fixed point iteration method transforms the original problem f(x) =0
into the problem x = g(x) and solves it using an iterative scheme of the
form:

X1 = gOx).

If the iterative scheme converges to the value x,, i.e. x, = g(x,), then x, is
also a zero of f(x), since f(x,) =x, —g(x,) =0.

Solving the equation x = g(x) is equivalent to solve the following system

ey

On the right we reported some graphical examples of iterations applied to
6 different functions g. The three examples on the left show cases in
which the method converges to the unknown zero, while among the
examples on the right there is no convergence of the method, even if the
functions seem to be quite similar to the ones on the left.

Note: The Newton method is a particular case of fixed point iteration

. S
method where g(x;) = x; emy

(Graphical examples of iterations applied to 6 different functions g)
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Iteration: #

1

2
The example on the right refers to the function f(x) = x* — 4, where the .
considered fixed point iteration is
1 -
) 4+ 11x, — xp 05
X =gxg) =—————7— '
k+1 — X 11
0 I T T T T T T T |
a 0.z 0.4 0.G I:I.I? i 1'# é.2 1.4 1.6 1.8 2
Here the relative error shows a linear behavior of the method, while on the ) Bration:
right we can see the first four iterations of the method.
1.5
Relative error
1 ~——— 1 7
wtq 0.5
' 0 T T T T T T T T T
u] 0.2 0.4 0.& o8 1 1.2 1.4 1.6 1.8 2
Y Ilteration: # 3
1 2
15
o o 1 4 L3 L] 2 1_
iter xold xnew 0.5+
1 1.000000000000000 l.z7272vz2vereqeqes o
2 1.2727272727927273 1.3973305008972314 T T T T T T T T T
3 1.397830500857231 1.4143902396254873 o pz D4 08 Dﬁe,aﬁml:# 14'2 14 16 18 2
4 1.414390239825457 1.41420545966133957 2
5 1.4142084389661399 1.4142137070134573
[ 1.4142153707013457 1.41421355682480804
7 1.414213555245030 1.4142135624907362 1.5 4 7
g 1.41421356249073 6 1.4142135623697401
=] 1.414215562369740 1.4142155623751508 14
10 1.414213562373191 1.4142135623730923
11 1.41421353562373092 1.4142135623730951 0.5 -
o T T T T T T T T T
a 0.2 0.4 0.G 0.8 1 1.2 1.4 1.6 1.8 2
The function is available in the file , While the example can
be found in
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It is possible to prove that the sequence {x,} converges to x, if
lg'(x)] <m <1 (i.e. it is a contraction) in the interval I containing the
initial guess and x, for all k (i.e. g(x) € I). Moreover, in this case, it is
possible to prove that the solution x, is the unique solution in the interval I
of the equation f(x) = 0. While, if |g'(x)| > 1 in the whole interval I, the
sequence does not converge to the solution (even if we start very close to
the zero x,).

The convergence rate of the fixed point iteration method is:
e |If g'(x,) # 0, the method has a linear convergence rate;

e If g'(x,)=0 and g"(x,) #0, the method has a quadratic
convergence rate;

The fixed point iteration method applied to the Newton method
with fixed point function
g(x) =x— &
fx)
with f(x,) =0 and f'(x,) # 0 shows a quadratic rate of convergence,

indeed we have g'(x,) = 0 and g"(x") £ 0 (g'(x) = 1 — X ((;‘3(::;)(;‘)’: <

Proof of convergence (idea)
Using the Taylor formula we have

g =x,—x = gx)—gx) = (x. —x0)g" (&)
& =%, —x =gx) —_g(xl) ~ (x, —x1)9' (&)

X =9g(x) -
X, =9(x) -

Xk = g.(xk—l) —> =%, —x=gx,)— g(jék—l) ~ (X, — xk-1)9" (Ex-1)

where ¢§; are unknown values in the intervals (x,, x;). If the derivatives are
bounded by the relation
, lg'(E)l <m
the error can be written as
. ler] < (e, —x) *m = |gg_1| "M
i.e.
el = mlel
where g, = x, — x, is the initial error.

Proof of convergence rate (idea)
Assuming g(x) € C'** and using the Taylor formula we have

Ee+1 = g(x.) — g(x)

1] 1 " 2 i 1 l
g (x*)gk + Eg (x*)gk + et _g( )(x*)gk +

: g
H

(+1D)!

where g, = (x, — x;) and & € (x,, xy).
If g’ (x,) # 0 we have a linear rate of convergence of the sequence, i.e.

leg+al
&kl

g'(x).

limy_,q

If g'(x,) =0 and g"(x,) # 0 we have a guadratic rate of convergence of the
sequence, i.e.

. legsal 1 4
limy_, ez 29 (x,).
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This example refers to the zero of the function
1 o]

fx) =x—x3-2 ol

which is x, = 3.5213797. "
Starting from this function it is possible to write different kinds of fixed ]
point iterations:

1 1
1. x=x3+2 with g(x) =x34+2: This function shows a linear
behavior of convergence (blue line), indeed the derivative
1> g'(x,) =0.1440136 + 0;

Relative error

2. x=(x—-2) with g(x)=(x—2)3% This function does not o
converge (red line), indeed the derivative g'(x,) = 6.9437886 > 1; 0"

1/3 ) 1/3 . . ) '

3 x =§"_L)2{—’f2/3 with g(x) =§"_L)2{—’f2/3: This function shows a quadratic o'
rate of convergence (purple line), indeed the derivative g'(x,) = 0. L

The initial guess is equal to x, = 3. o'

T T T T T T T T T T T T T T T 1
o] 1 2 3 4 5 8 7 - -] o 11 12 13 14 15 18

Also this second example can be found in the file
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This example refers to the zero of the function

f(x) =x3+ 4x cos(x) — 2

which is x, = 0.5368385515668.

In the figure on the right we can see a typical result on relative errors, in
step with the rates of convergence discussed earlier for the different
methods.

At a first glance, one might think that the Newton method should be
always chosen, since its convergence is the best one, but it has to be
considered that this method needs the computation of the derivative,
which could require the evaluation of the original function, which can be
numerically very expensive.

The source code of this example can be found in the file

f(z) = 2° + dxcos(z) — 2

05+

-0.6 4

T
0.4

T T T T T T T
s 0.6 07 0.8 o9 1 1.1 1.2

Relative error

Bisection
Mewton
Secant

Fixed point

T T T T T T T T T T T T T T
2 10 12 14 16 18 20 22 24 26 28 30 32 24
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Step 24: Concluding remarks and References

In this tutorial we have collected a series of numerical examples written in
Scilab to tackle the problem of finding the zeros of scalar nonlinear
equations with the main methods on which are based the state-of-the-art
algorithms.

On the right-hand column you may find a list of references for further
studies.

1. Scilab Web Page: www.scilab.oro.

2. Openeering: www.openeering.com.

3. K. Atkinson, An Introduction to Numerical Analysis, John Wiley, New

York, 1989.

Step 25: Software content

To report a bug or suggest some improvement please contact the
Openeering team at the web site www.openeering.com.

Thank you for your attention,

Anna Bassi and Manolo Venturin

exl.sce
ex2.sce
ex3.sce
ex4.sce
exb.sce
fintsearch.sci

fintsearch test.sce:

bisection.sci
bisection test.sce
secant.sci

secant test.sce
newton.sci
newton_test.sce
fixedpoint.sci

fixedpoint test.sce:

main_ fcn.sce
license.txt

: Examples of zero-finding problems

: Examples of separation and fixed point
: Example on conditioning

: Example of inverse function

: Examples of convergence rates

: Bisection method

: Newton-Raphson method

: Comparison of methods
: License file

Search intervals
Test for search intervals

Test for the bisection method
Secant method
Test for the secant method

Test for the Newton-Raphson method
Fixed point iteration method
Tests for the fixed point iteration method

Nonlinear equations
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http://www.scilab.org/
http://www.openeering.com/
http://www.openeering.com/

